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Abstract. Theoretical results are reported, concerning the reflection and transmisson of few–cycle  
laser pulses on a very thin conducting layer, which may represent the surface current density of the 
massless relativistic charges of graphene. It is shown that the pulse may undergo violent 
distortions to that extent, that the scattered radiation contains rectangular trains, which are 
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1. Introduction 
Laser technology has been undergoing a very fast development recently, making it possibile to generate 
extreme (ultrashort, very high-intensity) and well-controlled electromagnetic fields in the optical regime. 
Carrier-envelope phase difference effects (Milošević et al, 2006) became important in both diagnosing 
and controlling such short, e.g. attosecond pulses (Krausz and Ivanov, 2009). After the real-time 
observation of electron tunnelling from atoms (Uiberacker et al, 2007), even the tiny delays of 
photoemission signals, stemming from different atomic states has been measured (Schultze et al, 2010), 
and further studies of the detailed dynamics of photoemission (Nagele et al, 2011) is going on. Important 
experimental results on high-order harmonic generation in the bulk crystals (Ghimire et al, 2011), and 
attosecond time-resolved photoemission from solid targets (Neppl et al, 2012) raise questions in the 
theoretical description of non–linear  electromagnetic responses of condensed matter (see e.g. Zhang and 
Thumm (2011), Korbman et al (2012), Földi and Benedict (2012)). Recently Wirth et al (2011) succeeded 
synthesizing light transients for producing sub–cycle pulses, with unprecedented control of the amplitudes 
and phases, which open a wide range of possibilities for studying very fast processes in atomic and 
condensed matter systems. 
The generation of broad-band radiation and short pulses relies on the highly nonlinear processes 
induced by the intense laser fields. In general, the magnitudes of these nonlinearities (Fedorov, 1997) 
depend also on the target, of course. It is clear that –depending on various parameters– intense fields may 
cause relatively modest effects, and moderately intense lasers may induce very high-order  processes. 
Here we discuss an example for the latter situation, and show that the collective radiation back-reaction 
of relativistic convective surface currents driven by a laser field can cause a violent distortion in the 
scattered radiation. Similar phenomena have already been considered by us, for desribing the reflection of 
laser pulses on thin conducting nano-layers (Varró, 2004, 2007a-b-c and 2012). The effectively massless 
charge carriers, electrons and holes in graphene (see Novoselov et al (2005), Bostwick et al (2007), 
Castro Neto et al (2009)), seem to be also good candidates for illustrating the high ‘susceptibility’ we just 
mentioned. The unique optical properties of graphene (Blake et al (2007)) are remarkable, also in the 
sense that they are directly related to the fine structure constant (Nair et al, 2008), which naturally appears 
in linear response theory (see e.g. Abergel and Fal’ko (2007), Cserti and Dávid (2010)). In the present 
paper we report on our theoretical results concerning the reflection and transmisson of a few-cycle laser 
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pulse on a very thin conducting layer, and illustrate the temporal evolution of the electric field strength of 
the reflected radiation in the nonlinear regime.  By working out a classical desription, we show that the 
pulses may undergo violent distortions, to that extent that the scattered radiation contains rectangular 
trains, being physical realizations of Rademacher functions in the optical or terahertz regime. 
In Section 2 we derive the gauge–invariant equation of motion of  massless charges. We have felt 
it instructive to include a derivation in a more general frame, than is in fact will be needed for the special 
problem we solve. In Section 3 the matching equations for the electromagnetic fields, and the force terms 
(including the radiation reaction term) in the equation of motion of the massless charges will be 
considered. In Section 4 the nature of the ‘relativistic clipping effect’ will be discussed, and some 
illustrative numerical examples and figures will be presented. In Section 5 a brief summary including 
conclusions closes our paper.    
 
2. The gauge–invariant equation of motion of  massless charges 
In order to write down the relativistic equation of motion of a charged particle with zero rest mass, one 
needs additional considerations beyond the description of ‘ordinary’ massive electrons. We would like to 
illustrate how can one interrelate the velocity and the momentum of a massless particle, in the frame of 
the Lagrangian description. The results of this section will be used in describing the radiative coupling 
and back–reaction of the massless charges of a thin layer. 
Let us consider the large scale motion of a charged particle moving in a potential U . with a 
position-dependent mass )(00 rmm   The Lagrange function ),,( tL vr  of  the particle in the additional 
(e.g. radiation) fields ctA  /0 AE  and AB   then reads  
UteAt
c
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where e  is the charge of the particle, c  the velocity of light in vacuum, and Fv  is a characteristic, 
maximum velocity of the particle (for graphene 300/vF c  approximately). 0A  and A  are the scalar and 
vector potentials, respectively, which represent the incoming and the scattered radiation. In the second 
equation of (1) we have defined the canonical momentum p . The kinetic momentum π , is introduced, 
too, because it is a gauge–invariant quantity (in contrast to p ). After straightforward calculations, we 
receive the following kinematic relations, which will be used later on, 
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From the third equation of (2) one can immediately see that in the limit of zero rest mass the velocity 
modulus reaches its maximum value and the particle has an ultrarelativistic kinematics (i.e. the energy is 
linearly proportional with the momentum). By taking the limits 00 m  (and assuming that ||/ ππ  is 
unambiguosly definable some way, even for 0π ), we have  
||
vlim F00 π
πv m ,     F0 vvlim0 m .                                                                                                          (3)  
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Thus, close to the points where 00 m , we are allowed to represent the velocity by the gauge–invariant 
expression ||/vF ππv  . The Hamiltonian LLH  vv /  of the particle can be brought to the form 
UteAmctemmtH  ),()v()/),((|)v|/(),,( 02F202F00 rrrAppr ,     p
r

 H
dt
d ,   
r
p

 H
dt
d ,      (4) 
where the last two equations are the usual canonical equations.  On the basis of (4) we derive 
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Using the fourth equation in (2) along an actual trajectory, one can introduce an effective mass m~ , by 
subtracting the potential energy from the total energy,  
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Equation (6) shows that if kE  is non-zero and bounded, the effective mass stays finite, even if Fvv  . If 
0eAH   does not explicitely depend on time, then the dynamical equation (5) can be brought to a 
Newtonian form, by using the definition of the effective mass m~  and the acceleration dtd /va  , 
2
F
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2
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c
e
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We note that the second force term in (7) also contains an electric precession term  Ev , and  a 
coupling term of the form rdrdU /][ vrv  , which is proportional to the angular momentum (for a 
central potential U ). It is interesting to note, that in case of a planar motion, according to (3), if 00 m  
at an ‘edge’ along a line, say )(xyy   in the yx  plane, then the only term Bv   survives, because 
Fvv   in this case. Thus, there is no acceleration along the force, and this latter term is always 
perpendicular to the velocity of the ‘incoming particle’. This means that there is no forward and 
backward scattering of the particles, thus, they are forced to move along the line )(xyy  . This may be a 
simple classical picture to the so–called  ‘edge states’, which have recently received a great importance in 
the context of ‘topological insulators’ (see Hasan and Kane (2010), Asbóth (2012)). We also note that 
recently there has been several investigations appeared discussing the equation of motion of quantum 
particles with position dependent mass (see, e.g. the paper by Cruz y Cruz (2008) on a one-dimensional 
non-relativistic oscillator with position dependent mass). 
In the next section the equation of motion of the active charges in the yx  -plane of a thin layer 
shall be taken as the following special form of equation (5)  
BvEπ 
c
ee
dt
d ,     
||
vF π
πv  .                                                                                                           (8) 
 
3. Matching equations for the electromagnetic fields, and the equation of motion of the massless 
charges in a thin layer, interacting with them 
In the present section we derive and solve the matching equations for the electric field and the magnetic 
induction representing the scattered radiation. First we shall express the reflected and transmitted fields in 
terms of an unknown surface current, and then we put the total field to the equation of motion of the 
massless charge elements, of which the surface current consists. In this way, the sytem of equations 
becomes closed, and the problem is reduced to the soulution of the equation of motion for the charges. 
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This approach automatically incorporates a ‘collective radiative back–reaction’ of the complete layer, and 
delivers a generalization of the Fresnel formulae (Varró, 2004, 2007a-b-c and 2012).  
The components of a TM (p-polarized) configuration of waves ),,0( zy EE and )0,0,( xB , in the 
two separated media (in regions 1 and 3), satisfy the following Maxwell equations,  
yxz EB  0 ,     zxy EB  0 ,     xyzzy BEE 0 .                                                             (9) 
The primary wave propagates (in the zy   plane, making an angle 1  with the positive z -axis)  towards 
the interface ( 0z ), which separates the two media of dielectric permittivities 23,13,1 n . In region 2, 
which is the thin layer itself, the field configuration generates an induced current; in this region a term 
cj y /4 2  has to be added to the rhs of the first equation of (9). In region 1 we take xB  as a superposition 
of the given incoming plane wave pulse F  (of arbitrary temporal variation), and an unknown reflected 
plane wave 1f . The corresponding electric field components yE  and zE  can be derived from (9),  
]/)cossin([]/)cossin([ 111111111 czyntfczyntFfFB x   , 
))(/cos( 1111 fFnE y   ,     ))(/sin( 1111 fFnE z   .                                                                          (10)                
In region 3 the magnetic induction xB3  is represented by the unknown refracted wave 3g , and, by putting 
this into (9), the electric field strength can also be obtained, 
]/)cossin([ 33333 czyntgB x   ,     3333 )/cos( gnE y  ,     3333 )/sin( gnE z  .                         (11) 
The relevant boundary conditions for the tangential components read  
0][ 031  zyy EE ,     yzxx KcBB 2031 )/4(][   .                                                                                  (12)                         
On the basis of equations (9), (10), (11) and (12), the unknown scattered fields 1f  and 3g  can be 
expressed in terms of the by now unkown induced surface current 2yK , 
)()/4()()))[(/(1()( 2313311 tKcctFcccctf y   ,     111 /cos nc  ,     333 /cos nc  ,                  (13)    
)]()/2()())[(/2()()( 23131333 tKctFcccctEtgc yy   ,     yy eK v2  ,                                        (14) 
where cyntt /sin 11   denotes the retarded time parameter at the surface. Snell’s law of refraction 
( 3311 sinsin  nn  )  means that this retarded time t  must be equal to cyntt /sin 33  . Equations 
(13) and (14) are valid for any (constant) 3,1n , regardless of the nature of 2yK . On the other hand, since 
3,1n  in general may depend on the frequencies of the Fourier components of the radiation fields, one 
should separately discuss in each case, whether to what  extent the constancy of 3,1n  applies. Anyway, if 
the thin layer is in vacuum (air), as for instance a suspended graphene sheet above a trench, then 13,1 n , 
and no such problem appears. The unknown surface current yy eK v2   has been expressed (Varró, 
2004, 2007a-b-c and 2012) as the product of the surface charge density e  and the velocity 
ttyy  )/d(dv   associated to the local displacement )(ty   of the electrons. The original current term 
c/4 j  in the Maxwell equations (from which we obtained c/4 K ) could be phenomenologically 
interrelated to the electric field strength by the constitutive relation Ej  )( , where )(  is the 
conductivity of the layer at a particular frequency of a stationary field (Nair et al (2008), Cserti (2012)). 
Anyway, it can be shown that the boundary conditions (12), and  solutions (13), (14) are consistent with  
the discontinuty of the displacement field D . By choosing the ‘Ansatz’ yy eK v2  , we can derive 
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eDD zzz 4][ 031    from them. This relation, on the other hand, can also be obtained from the Gauss 
law, e4 D , where e  is the volume charge density. The form of the surface current we are using 
corresponds to a convective flow, and we consider   as an average density. 
It is interesting to note that in our procedure the unknown surface current in (12) plays a role of a 
sort of ‘active boundary’, contributing to the matched fields. Of course, the force terms in the equation of 
motion of the surface charge elements must contain the total field (including the by now unknown 
scattered ones). In this way, the present formalism automatically accounts for a ‘collective radiation 
reaction’; in fact, we describe the dispersion of the layer, as a whole.  
In order to solve the scattering problem we use the relativistic equation of motion (8), derived in 
section 2,  for the massless current elements under the action of the composed fields (10) and (11), which 
have been expressed in (13) and (14). In the TM configuration  the Bv  term has zero components in 
the yx  -plane. On the other hand, the total electric field has an extra term stemming from the surface 
current in (13) and (14), which is proportional with the velocity component yv . Since in the present case 
x = constant, the derived equation of motion contains yv , as the only unknown function,  



 

)(v2)(2
)( 2
31
31 t
c
eteF
cc
cc
td
td
y
y  ,     yy ||
vv Fπ ,                                                                    (15) 
where the geometrical factors  1c  and 3c  have been defined in (13). If one finds the solution of (15), then 
from (10), (11), (13) and (14) the scattered fields can be obtained. On the rhs of (15) the second term in 
the bracket represents the collective radiation back-reaction, which always represents a damping term, 
regardless of the sign of the charges. We represent the incoming field as  
222 /)( tcZtF y  ,   )(cos)()/( 002002   ttfFcZ y ,   )2/exp()( 2 ttf  ,                    (16) 
where yZ  is the Hertz potential  of the incoming laser pulse of central frequency 0 , field strength 0F , 
carrier-envelope (CE) phase difference 0 , and 2log2/L  . In the envelope function L  means the 
full temporal width at half maximum of the intensity. By introducing the dimensionless variables 
tTtt  /2/0   and qπ 0/ c , equation (15) becomes  
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c
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In equation (17) 137/1  is the fine structure constant, 1/300F  , 00 /2  c  is the central 
wavelength of the radiation, and m  the usual rest mass of the electron. The parameter  0  is the 
‘dimensionless vector potential’, which has earlier been called  ‘dimensionless intensity parameter’. Its 
numerical value can be calcuated from the displayed formula, where )]//([ 2cmWIS   is the intensity, 
measured in W/cm2, and ]/[ 0 eVE ph   is the photon energy, measured in electron Volts. We see that 
0  can be much larger than 0 , at the same intensity, because R  is on the order of 610   in the optical 
region (i.e. eV10  ). The definition 0/ πq c  corresponds to the scaling of the kinetic momentum 
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by the central photon momentum. We also note that in the geometrical arrangement (p-polarization) under 
discussion, the x component xq  is a constant of motion. 
In the next section we shall present a couple of numerical examples, showing the temporal 
evolution of the electric field strength of the scattered radiation, and illustrate the “relativisting clipping 
effect”, caused by the interaction with the charged layer. 
 
4. Numerical examples illustrating the relativistic clipping effect  
The first term in the scattered field )(1 tf  given by (13) vanishes if 13 cc  , which condition is equivalent 
to 2/31   . This means that if the angle of incidence is the Brewster–angle, then only the surface 
current term yy eK v2   contributes to the reflected field. By leaving out this term, we get back the 
Brewster  phenomenon (the p-polarized component in the reflected radiation gets to zero), which is 
described by the usual Fresnel formulae (see e.g. Born and Wolf (1959)). We note that this condition is 
satisfied at any angles of incidence  if  13 nn  , in particular, if the layer is in vacuum (air). In these cases 
||
v2)v/2( F)(1 q
y
y
Brewster q
c
ecef      ( 13 cc  ) ,     )(10)/(3016 212)(1 cmcmVf max  .           (18) 
This field has the upper bound  ecf Brewster )/(v2|| F)(1  , which does not depend on the intensity. The 
numerical value of this upper bound is )/(3016)(1 cmVf
max  , if we chose as an illustration the surface 
density 21210  cm . It is ‘universal’, in the sense that it does not depend either on the frequency or on 
the wavelength. The field strength )/(3016 cmV  corresponds to the intensity 2/12064 cmW , which is 
equivalent to the intensity of a 5711 K temperature black–body radiation, according to the Stefan–
Boltzmann law.  
 In the first numerical example we take nm6200  , i.e. eV20  , and 21210 cm , in which 
case in the differential equation (17) we have the parameter value 094.020F  . In Figure 1 we 
present the normalized electric field strenght of an 2/1 cmMWI   intensity  incoming field, in which case 
the driving term in (17) has the numerical value 785.000   R , and 12.0/ 020F  . At this 
point we note that  0  and 20F  are both proportional to 20 , thus their relative size does not depend 
on the wavelentgh of the incoming radiation. The x component of the scaled momentum, xq  is a 
constant of motion, we have chosen )0(3 yx qq  , and then 2/)0()0( qqy  . We note that we have 
carried out the calculations for various initial values, but we have not found considerable qualitative 
changes. In the figures we illustrate the temporal evolution of the electric field strength, as a function of 
the dimensionless time variable, Tcnyt /)/sin(   drawn on the abcissa. The reflected signal contains 
only a radiation reaction term which is proportional with the velocity of the surface current (see (18)). 
Due to the ultrarelativistic kinematics of the electrons, the maximum signal is reached already at the 
rising part, and this ‘saturation’ causes a sort of ‘relativistic clipping’, because the velocity component 
cannot increase beyond Fv . This results in a nearly rectangular temporal shape of yv , even at such a 
relatively modest intensity as I=1MW/cm2.  
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Figure 1. Shows the distortion of a 3-cycle p-polarized incoming Gaussian laser pulse (left; Figure 1a) impinging on 
a graphene layer at Brewster angle (or at any angle when n3=n1). We have taken for the CE-phase 0=0 (cosine 
pulse), and 0=620nm, I=1MW/cm2, the effective intensity parameter is R0=0.785. The damping parameter used in 
the differential equation (17) equals F(0)2=0.094. The reflected  component is nonzero (right; Figure 1b), its 
existence cannot come out from the usual Fresnel formulae. The units of the electric field on the ordinate in Figure 
1b is 3016V/cm. After saturation, this ‘universal’, maximum value is reached (for a surface density =1012cm-2, 
according to the definition in (18)). The distorted shape stems from the ‘clipping effect’, discussed in the main text.  
 
In Fig 1b the nearly rectangular structure resembles to the orthogonal sytem of functions )}({ xrk  in the 
unit interval introduced by Rademacher (1922), 
1)(0 xr ,   )2(sin)( xsignxr kk     ( ...,2,1k ).                                                                                  (19) 
The spectrum corresponding to the Rademacher functions is proportional to 2)12/(1 n or 2)22/(1 n , 
depending on parity, where n  is the harmonic index. We note that this sytem (or rather, the derived 
complete system of the so-called Walsh functions) is used in signal analysis and synthesis in the 
microwave regime. Here we found a possible physical representatives of them in the optical or terahetrz 
regime. This is better illustrated in Figures 2 and 3.  
In Figure 2 we show the temporal behaviour in case of  a larger intensity, 2/100 cmMWI  : 85.70  .  
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Figure 2. Illustrates the distortion of a 5-cycle p-polarized incoming Gaussian laser pulse (left; Figure 2a) impinging 
on a graphene layer at Brewster angle (or at any angle when n3=n1). We have taken I=100MW/cm2, then the effective 
intensity parameter is R0=7.85. The other parameters are the same as in Figure 1. The reflected  component is 
shown on the right (Figure 2b), whose nearly rectangular shape again stems from the ‘clipping effect’. It should be 
noticed that the reflected signal reaches its maximum already in the rising part of the incoming pulse. 
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Our last example is a the scattering of a sub–cycle pulse (~0.8–cycle) similar to that produced recently by 
Wirth et al (2011). The peak field strength shown in their Figure 3B was 4×107V/cm, which corresponds 
to the intensity 2.122×1012W/cm2, according to the conversion )//(46.27)//( 200 cmWIcmVF  . 
Instead of this large intensity, we take 2/1 cmGWI   only, and then the effective intensity parameter of 
the incoming pulse becomes 82.240  . In Figure 3 we show the temporal behaviour of such a pulse and 
the response of the layer. 
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Figure 3. Illustrates the distortion of a sub-cycle (0.8-cycle) p-polarized incoming Gaussian laser pulse (left; Figure 
3a) impinging on a graphene layer at Brewster angle (or at any angle when n3=n1). We have taken I=1GW/cm2, then 
the effective intensity parameter is R0=24.82. The other parameters are the same as in Figures 1 and 2. The 
reflected  component is shown on the right (Figure 3b), its nearly rectangular shape again stems from the ‘clipping 
effect’. It should be noticed here, too, that the reflected signal reaches its maximum already in the rising part of the 
incoming pulse. Its shape is essentially the same as a Rademacher function on the interval (-3T/2,+3T/2). 
 
As one can see in figures 1, 2 and 3, according to our description above, the optical response of graphene 
really causes high nonlinearities. On the other hand,  due to this same violent response of the relativistic 
charges, a very stong radiation damping develops. The interplay of these two effects, through the 
ultrarelativistic kinematics, results in an almost universal rectangular temporal evolution of the reflected 
signal. We note that this structure follows the shifts of the CE-phase, as has recently been discussed by us 
(Varró, 2012). We also note that, that the tails of the reflected signals can be considerably longer than it is 
shown for instance in Fig 3b. Such wake–fields (Varró, 2007a-b-c) may form slowly decreasing rectified 
quasi–static fields.  
 
5. Summary 
We have presented our recent theoretical results on the reflection and transmisson of  few-cycle laser 
pulses on a very thin conducting layer, which has been represented by a classical convective surface 
current density of the massless relativistic charges. We have shown that the pulses can undergo 
considerable distortions, even at relatively modest laser intensities. They are deformed to rectangular 
trains, which may be considered as approximate physical realizations of Rademacher functions in the 
optical or terahertz regime. In Section 2 we derived the gauge–invariant equation of motion of  massless 
charges. In Section 3 the matching equations for the electromagnetic fields, and the radiation reaction 
term in the equation of motion have been determined. In Section 4 the nature of the ‘relativistic clipping 
effect’ has been discussed, with inclusion of some illustrative figures. The numerical values of the input 
parameters have been chosen to correspond to the massless electrons and holes of a graphene monolayer. 
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We would like to emphasize that, it has long been known that the velocity function of the 
‘ordinary’ massive electrons can also have an essentially rectangular shape at ultrarelativistic 
( 218 /10 cmWI  )  intensities (see e.g. Varró (2010)). Besides, even at relatively moderate intensities, 
the nonlinearity parameter can also be so large that a similar distortion happens in the induced current in 
crystals (see the expression for the current density and Figure 5b in the paper by Ghimire et al (2011)). 
However, in each cases the  radiated field is proportional with the acceleration, not with the velocity, as in 
the present analysis. Roughly speaking, if, for the former case we took the derivative of the Rademacher 
functions (with half-cycle constancy regions of the velocity function), then we would receive very short 
(attosecond) peaks at the (approximate) discontinuty points.  
The relativistic clipping effect described above can in principle manifest itself at any frequencies; 
in the terahertz, optical, or even higher frequencies, opening a wide range of potential applications. 
However, for the large ferqency responses the model of massless charges may not be relevant. One should 
also keep in mind that for higher frequencies or/and larger intensities the linear or/and nonlinear  
photoelectic effect may be an important competing process in real systems, which has been completely 
left out of the above considerations. Besides, though we think that from the present classical description 
the essentials of the process can be understood, a quantum calculation is also desirable.  
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